We study two Schwarzschild black holes as the spherically symmetric solution to the zero mode effective action in the dilatonic domain wall model. This corresponds to the dilatonic version of the Randall-Sundrum(RS) model. Further this can be reduced to the Brans-Dicke(BD) model with the potential, which leads to the RS black hole. In the absence of the potential, one finds the known BD black hole. The stability of these black holes is investigated against small perturbations composed of odd, even parities of graviton(h µν ) and the BD scalar(h 44 ). We find that the BD black hole is classically stable, whereas the RS black hole is classically unstable. However, if the BD scalar does not have the perturbation, one can find the stable RS black hole.
I. INTRODUCTION
Recently there has been much interest in the Randall-Sundrum brane-world [1] [2] [3] . The key idea of this model is that our universe may be a brane embedded in higher dimensional space. A concrete model is a single 3-brane embedded in five-dimensional anti-de Sitter space (AdS 5 ). Randall and Sundrum have shown that the longitudinal part (h µν ) of the metric fluctuations satisfy the Schrödinger-like equation with an attractive delta-function.
As a result, the massless zero modes which describe the localized gravity on the brane were found. Furthermore, the massive modes lead to the correction to the Newtonian potential as of V (r) = G N m 1 m 2 r (1 + 1 r 2 k 2 ). However, we point out that this has been done in the Minkowski space with the RS gauge (h 44 = h µ µ = h 4µ = 0, ∂ µ h µν = 0). It seems that this gauge is so restrictive. In order to have the well-defined theory on the brane, one has to consider the non-zero transverse parts of h 4µ , h 44 in the beginning. More recently, Ivanov and Volovich found that the equation for h 44 takes the Schrödinger-like equation with a repulsive delta-function [4, 5] . But this does not make any sense because their linearized equation is not correct. Authors in ref. [6] pointed out that h 44 = 0 and h 4µ has a tachyonic mass. Hence h 4µ should be zero. Also it turned out that there are no massless scalar and vector propagations in the RS background.
This means that the RS gauge with h 44 = h 4µ = 0 is a unique choice for describing the RS brane world. Furthermore, the RS solution is stable only with the RS gauge.
On the other hand, Youm showed that the RS solution can be found in the dilatonic domain wall solution [7, 8] . Its zero mode effective action takes the Brans-Dicke model with the potential for the Brans-Dicke scalar(Φ). We note here that only solution withΦ = 1 is compatible with Ricci flat background(R µν = 0). In this case, assuming the spherically symmetric background, one finds the Schwarzschild black hole solutions: BD and RS black holes. To study these black holes, we consider the longitudinal perturbation of h µν as well as the transverse perturbation of ϕ in Φ = 1 + ϕ which corresponds to g 44 = 1 + h 44 .
In this paper, we study the stability of two Schwarzschild black holes with h µν , h 44 and h 4µ = 0. We will show again that h µν = 0, h 44 = h 4µ = 0 is a unique choice for describing the massless states of the RS brane world in the spherically symmetric black hole background.
Here we do not require a part of the RS gauge( h µ µ = 0, ∂ µ h µν = 0) because the background spacetime is spherically symmetric. Instead we choose the Regge-Wheeler gauge. This work may be regarded as the first one for the study of the RS model in the spherically symmetric brane world.
II. RANDALL-SUNDRUM SOLUTION AND BRANS-DICKE TYPE MODEL
We start with the 5-dimensional bulk action(S bulk ) and the 4-dimensional domain wall action(S DW ) as [8] 
where σ DW is the tension of the domain wall and γ is the determinant of the induced metric and µ, ν = 0, 1, 2, 3(x µ = x). "D" denotes the dilaton. Here one finds the second RS solution [2] asḠ
with H = k|z| + 1 and η M N = diag(− + + + +). In this paper we choose the MTW conventions [9] . Furthermore, we set κ 2 5 = 1 for simplicity. From now on we study only the zero modes of the field which satify
. In order to obtain the 4-dimensional effective action, let us introduce the 5-dimensional metric
Φ(x) has nothing to do with the radion in the first RS model [1] because here we consider only the second RS model [1] . Substituting (5) with D = 0 into (1) and integrating it over z leads to the Brans-Dicke type model for the zero mode effective action
It is emphasized that the first term(ΦR) in Eq. (6) (6) we derive the equations of motion (δ Φ S RS = 0, δ gµν S RS = 0)
Contracting (8) with g µν and using (7) leads to the BD scalar equation
Also from (8), its contraction form, and (9) one finds the new Einstein equation
Here one finds the Ricci flat solution which satisfies all of Eqs.(7)-(10) as Φ = 1,R = 0,R µν = 0.
This is the solution for both BD(k = 0) and RS(k = 0) models. Here the over bar(¯) means the background. Assuming the spherically symmetric background spacetime, one obtains the Schwarzschild black hole solution in the domain wall withΦ = 1 [11] as
The BD and RS black hole solutions are allowable because the Schwarzschild solution is
Ricci flat. Here we note that the BD(RS) black holes mean the Schwarzschild black hole with L BD (L RS ). To study these black holes specifically, we introduce the perturbation
Actually Φ =Φ + ϕ corresponds to g 44 =ḡ 44 + h 44 . Then the linearized equations for Eqs.
(9) and (10) are found as2
with the Lichnerowicz operator δR µν (h)
Hereh ρν = h ρν − 1 2 hḡ ρν with h = h σ σ . Eq. (17) is ussually used for the black hole study in the axisymmetric background [12] [13] [14] [15] [16] [17] and Eq.(18) is useful for the case in choosing the harmonic gauge of∇ ρh ρ ν = 0 [18] [19] [20] . Here we use Eq. (17) . The perturbation h µν falls into two distinct classes -odd and even parities with (−1) l+1 and (−1) l , respectively. l denotes the angular momentum qunatum number on S 2 :
In the first-order axisymmetric perturbations( 10 components), one can always choose the Regge-Wheeler gauge(RWG; 6 components) by taking into account the general coordinate transformation x µ′ = x µ + ǫξ µ [16, 17] . This gauge choice is obvious here because we consider only the massless case. In the RWG we find two components(h 0 , h 1 ) for odd parity
and four components(H 0 , H 1 , H 2 , K) for even parity
with Legendre polynomial P l (θ). Two cases are never mixed and thus they provide 2 degrees of freedom for describing a massless spin-2 graviton eventually.
IV. BD SCALAR PERTURBATION
Let us first analyze the BD scalar perturbation in Eq. (15) . This is the key step in our analysis. Considering ϕ ∝ ψ(r) r Y lm (θ, φ)e −iωt and the background (12) , one finds the Schrödinger-type equation
where the RS scalar potential is given by
with the tortoise coordinate r * = r + 2M ln r 2M − 1 . From the analysis in ref. [15] , we find that for ω = iα, 0 < α < √ 6k 2 , the scalar perturbation has an exponentially growing mode of e αt and therefore this system is classically unstable. In other words, "−6k 2 "
induces an instability of asymptotically flat space of r → ∞. We conclude that the RS black hole solution is classically unstable if ϕ = 0. But the the BD black hole with V BD ψ (r) = 1 − 2M r (l(l + 1)/r 2 + 2M/r 3 ) is classically stable [14] . Hence if the RS black hole is physically acceptable, the BD scalar perturbation should be rejected(ϕ = 0).
V. ODD PARITY PERTURBATION
In this case Eq.(16) leads to δR µν (h) = 0 (23) because the last two terms belong to the even parity. The non-trivial parts of this are three equations (δR 03 = δR 13 = δR 23 = 0). Here we find the Regge-Wheeler equation for
where the Regge-Wheeler potential barrier is given by
h 0 is not independent but it is expressed in terms of Q as h 0 = i ω d dr * (rQ). We note that both the BD black hole [14] and RS black hole [15] take the same potential as in Eq.(25) in the odd parity perturbation. This case has been analyzed by Vishveshwara in ref. [12] and the only allowed solution is the plane wave Q ∞ = e −iωr * + A − e iωr * (r * → ∞),
VI. EVEN PARITY PERTURBATION
In this case we have to change the sign as ψ → −ψ because we choose δR µν = − 1 2 [· · ·] in (17) here but δR µν = + 1 2 [· · ·] in refs. [14, 15] . Remaining seven equations in (16) lead to only one physical equation. This is just the Zerilli equation in ref. [12] 
where the Zerilli potential barrier is given by
with λ = (l−1)(l+2)/2. Here ψ Z (r) is a gauge invariant combination of H 0 , H 1 , H 2 , K [16, 17] .
At this stage we would like to comment that the BD type equation (δR µν − ∇ ν ∇ µ ϕ = 0) in ref. [14] and the RS type equation( δR µν − ∇ ν ∇ µ ϕ + 2k 2 ϕḡ µν = 0) in ref. [15] both for these models. We introduce the stability analysis to study whether or not these BD and RS black holes truly exist. Here one finds an exponentially growing mode because the negative nature of its potential. If there is an exponentially growing mode, it is classically unstable. The RS black hole is unstable because the BD scalar takes a perturbation(ϕ). On the other hand, the BD black hole turns out to be a stable solution. This is obvious from the fact that the BD model with h µν , ϕ is just the conventional Kaluza-Klein model with h µν , h 44 = ϕ, h 4µ = 0. This result comes from only the scalar linearized equation. Choosing the Regge-Wheeler gauge, the graviton sector leads to the well-known two classes of odd and even-parities. Since this sector has always the positive potential barriers for l ≥ 2 [13] , one finds that there are no exponentially growing modes.
In conclusion, if the RS black hole in the dilaton domain wall truely exists, any zero mode perturbation should not be allowed for the transverse part of the domain wall world volume. That is, one should have h 44 = ϕ = 0. This supports that the RS brane world can be realized with h 4µ = h 44 = 0 [6] .
